Abstract. We study approximate Birkhoff-James orthogonality of bounded linear operators defined between normed linear spaces X and Y. As an application of the results obtained, we characterize smoothness of a bounded linear operator T under the condition that K(X, Y), the space of compact linear operators is an M −ideal in L(X, Y), the space of bounded linear operators.
x + and x − as follows. For x, y ∈ X, we say that y ∈ x + if x + λy ≥ x for all λ ≥ 0 and y ∈ x − if x + λy ≥ x for all λ ≤ 0. Dragomir [4] and Chmieliński [2] defined approximate Birkhoff-James orthogonality in the following way. For x, y ∈ X and ǫ ∈ [0, 1), x ⊥ ǫ D y if x + λy ≥ √ 1 − ǫ 2 x for all λ ∈ R. Let x, y ∈ X and ǫ ∈ [0, 1). Then x ⊥ ǫ B y if x + λy 2 ≥ x 2 − 2ǫ x λy for all λ ∈ R.
An element x ∈ X \ {0} is said to be a smooth point of X if J(x) is singleton, where J(x) = {f ∈ S X * : f (x) = x }. We further need the notions of L−ideal and M −ideal [7] in a Banach space which are defined as follows.
A linear projection P on X is called an L−projection if x = P x + x − P x for all x ∈ X. A closed subspace J ⊆ X is called an L−summand (or L−ideal) if it is the range of an L−projection. A closed subspace J ⊆ X is called an M −ideal if J 0 is an L−summand of X * , where J 0 = {f ∈ X * : f (x) = 0 ∀ x ∈ J}, is the annihilator of J. Note that if P is a contractive projection, then for x ∈ range(P ) and y ∈ ker(P ), x ⊥ B y.
In this paper, we characterize approximate Birkhoff-James orthogonality (⊥ ǫ D ) in the space of compact linear operators defined between arbitrary Banach spaces. In [11, Th. 3.2] , the authors characterized approximate Birkhoff-James orthogonality (⊥ ǫ B ) in the space of compact linear operators when the domain space is reflexive. We obtain an analogous result for bounded linear operators under some restriction on the norm attainment set of the operator. In [18, Th. 2.1] and [12, Th. 2.1], the authors characterized Birkhoff-James orthogonality of compact linear operators when the domain space is reflexive. Here we generalize these two results to obtain characterization of Birkhoff-James orthogonality "T ⊥ B A", when K(X, Y) is an M −ideal in L(X, Y) and dist(T, K(X, Y) < T . In [5, Th. 1], Grzaślewicz and Younis characterized smooth points of L(ℓ p , E), where 1 < p < ∞, E is a Banach space and
We prove that the necessary part of the characterization holds for smoothness of arbitrary T ∈ L(X, Y), where X, Y are arbitrary normed linear spaces.
Main results.
We begin this section with a characterization of approximate Birkhoff-James orthogonality (⊥ Theorem 2.1. [17, Th. 1.1, pp 170] Let X be a normed linear space. Then for x, y ∈ X, x ⊥ B y ⇔ ∃ φ, ψ ∈ Ext(B X * ) and α ∈ [0, 1] such that φ(x) = ψ(x) = x and αφ(y) + (1 − α)ψ(y) = 0.
The following theorem generalizes this result. 
Proof. At first we prove the easier sufficient part of the theorem. Let 
It is easy to see that f attains its norm in Z, i.e., there exists u ∈ S Z such that f (u) = 1. Now, let g = f | Z . Thus, g ∈ S Z * . Therefore, by [17, Lemma 1.1, pp 166], there exists g 1 , g 2 ∈ Ext(B Z * ) and t ∈ [0, 1] such that g = (1 − t)g 1 + tg 2 . Now, g(u) = 1 ⇒ g 1 (u) = g 2 (u) = 1. Again, by [17, Lemma 1.2, pp 168], there exists φ, ψ ∈ Ext(B X * ) such that φ| Z = g 1 and ψ| Z = g 2 . Clearly, φ(u) = g 1 (u) = 1 and ψ(u) = g 2 (u) = 1. Now,
This completes the proof of the theorem. 
where
2 ) = 0. Proof. We first prove the necessary part of the theorem. Let 
For the sufficient part, suppose that there exists S ∈ span{T, A}, y *
, we can prove the following theorem. 
In the following theorem, we obtain a characterization of approximate BirkhoffJames orthogonality (⊥ ǫ B ) of bounded linear operators under some additional condition on the norm attainment set of the operator. Proof. The sufficient part of the proof is trivial. We only prove the necessary part. Let T ⊥ ǫ B A and T ker(P ) = m < T . We claim that if {x n } is any norming sequence for T, then {x n } has a subsequence converging to ax 0 , where |a| = 1. Clearly, for each n ∈ N, x n = a n x 0 + y n , where a n ∈ R, y n ∈ ker(P ) and 1 = x n = |a n | + y n . Since {a n } is a bounded sequence of real numbers, it has a convergent subsequence {a n k } converging to a, say. Clearly, |a| ≤ 1. Now,
Thus, a n k → a, where |a| = 1. Hence, y n k → 0 and x n k → ax 0 , where |a| = 1. This proves our claim. Since T ⊥ (a) There exists a norming sequence {x n } for T such that lim n→∞ Ax n ≤ ǫ A . (b) There exists two norming sequences {x n }, {y n } for T and two sequences of positive real numbers {ǫ n }, {δ n } such that
First suppose that (a) holds. Then there exists a subsequence {x n k } of {x n } converging to ax 0 , where |a| = 1. Therefore,
2 − 2ǫ T x 0 λA . Now, suppose that (b) holds. Then there exists subsequences {x n k } and {y n k } of {x n } and {y n } respectively, such that x n k → ax 0 and y n k → bx 0 , where |a| = |b| = 1. Now, in (ii) and (iii) of (b), taking limit we obtain, Remark 2.1. Note that, if X is an L 1 −predual space, then for every
where P is the L−projection with range(P ) = span{x * }, then T * satisfies the hypothesis of Theorem 2.6.
Using Theorem 2.6, we obtain the following characterization of Birkhoff-James orthogonality of bounded linear operators.
Corollary 2.6.1. Let X, Y be normed linear spaces. Let T ∈ L(X, Y) be such that M T = {±x 0 }, for some x 0 ∈ S X . Let span{x 0 } be an L−ideal of X and P be the L−projection with range(P ) = span{x 0 }. Suppose that T ker(P ) < T . 
Therefore, without loss of generality we may assume that y * 1 (Ax 1 ) ≥ 0 and y * 2 (Ax 2 ) ≤ 0. Thus, for any λ ≥ 0, T x 1 + λAx 1 ≥ |y *
− .
(ii) The sufficient part of the theorem is trivial. We only prove the necessary part.
, where D is a closed connected subset of S X . Consider the sets
Then by (i), 
This completes the proof of the theorem.
We next give a characterization of "T ⊥ 
Thus, we get, T x 1 + λAx 1 2 ≥ T 2 − 2ǫ T λA for all λ ≥ 0. Similarly, using Sx 2 ∈ (T x 2 ) − , it can be proved that T x 2 + λAx 2 2 ≥ T 2 − 2ǫ T λA for all λ ≤ 0.
(ii) The proof follows easily from Theorem 2.7 and the method adopted in part (i) of this theorem.
(ii) T x 0 is smooth point in Y.
(iii) dist(T, K(X, Y)) < T .
Remark 3.1. We would like to remark that if X * and Y are separable then K(X, Y) is also separable. A well-known theorem of Mazur asserts that in a separable Banach space smooth points are dense (see [6, pp.171] ). Recently Martin [9] proved the existence of compact operators that cannot be approximated by norm attaining operators. From these facts it is easy to see that there is a compact operator which is smooth but does not attain its norm. Thus for smoothness of T ∈ L(X, Y) it is not necessary that M T = ∅. However, assuming that M T = ∅, we can raise the following open question.
Question. Let X, Y be normed linear spaces and T ∈ L(X, Y) be such that (i) M T = {±x 0 } for some x 0 ∈ S X .
(iii) dist(T, K(X, Y)) < T . Then whether T is smooth or not.
